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MATRIX NONLINEAR SCHRO¨DINGER EQUATIONS
AND MOMENT MAPS INTO LOOP ALGEBRAS†
J. Harnad1 and M.-A. Wisse2
Abstract
It is shown how Darboux coordinates on a reduced symplectic vector space may be
used to parametrize the phase space on which the finite gap solutions of matrix nonlinear
Schro¨dinger equations are realized as isospectral Hamiltonian flows. The parametrization
follows from a moment map embedding of the symplectic vector space, reduced by suitable
group actions, into the dual g˜+∗ of the algebra g˜+ of positive frequency loops in a Lie
algebra g. The resulting phase space is identified with a Poisson subspace of g˜+∗ consisting
of elements that are rational in the loop parameter. Reduced coordinates associated to the
various Hermitian symmetric Lie algebras (g, k) corresponding to the classical Lie algebras
are obtained.
1. Introduction
In a series of recent papers [AHP, AHH1, AHH2] a systematic method was
developed for parametrizing quasi-periodic solutions to integrable systems of PDE’s
in terms of Darboux coordinates on a finite dimensional phase space. The general
approach consists of reducing symplectic vector spaces under suitable continuous or
discrete Hamiltonian group actions, and embedding the reduced spaces as Poisson sub-
manifolds in the dual g+∗ of the positive frequency part of a loop algebra g˜. The image
space consists of loops in g extending as rational functions of the loop parameter, and
the PDE’s in question arise as the compatibility conditions for pairs of commutative
isospectral Hamiltonian flows induced by spectral invariants. A number of examples
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have been studied within this framework, including the cubically nonlinear Schro¨dinger
(NLS) equation and the coupled, two-component nonlinear Schro¨dinger (CNLS) equa-
tion.
In [FK], Fordy and Kulish gave a list of generalized nonlinear Schro¨dinger equa-
tions related to the Hermitian symmetric spaces correponding to classical Lie algebras,
together with their associated matrix Lax pair commutative flows. The general form
for such equations is
√−1qt = qxx + 2qpq
−√−1pt = pxx + 2pqp , (1.1)
where q and pT are complex a × b matrices. Specific cases are obtained by imposing
further invariance conditions under involutive automorphisms.
In Hamiltonian terms, the corresponding Lax equations may be viewed as repe-
senting flows in the dual of the positive part s˜l(r,C)+ of the loop algebra s˜l(r,C), or
subalgebras obtained as fixed point sets under involutive automorphisms. Using the
Lie Poisson bracket structure on s˜l(r,C)+∗, the Adler-Kostant-Symes (AKS) theorem
gives the Lax pair representations:
d
dx
L(λ) = [(λL(λ))+,L(λ)] (1.2a)
d
dt
L(λ) = [(λ2L(λ))+,L(λ)] (1.2b)
for Hamilton’s equations corresponding to suitably chosen elements of the Poisson com-
muting ring F ≡ I(s˜l(r,C)∗)|
s˜l(r,C)+∗ of Ad
∗-invariant functions on s˜l(r,C)∗, restricted
to the subspace s˜l(r,C)+∗. Here λ is the loop parameter and L(λ) is chosen as holo-
morphic outside a disc D in the complex λ-plane centered at 0. The + subscript in
(1.2a,b) means projection to the positive part s˜l(r,C)+ of the loop algebra (i.e. loops
that extend holomorphically to the interior of the circle S1 = ∂D). As usual, there is
an identification understood between s˜l(r,C) and a dense subspace of s˜l(r,C)∗, deter-
mined by the Ad∗-invariant metric
< X, Y >=
1
2pii
∮
S1
tr(X(λ)Y (λ))
λ
dλ, X, Y ∈ s˜l(r,C). (1.3)
Putting appropriate invariant restrictions on the leading terms of the Laurent expansion
of L(λ), the equations (1.1) become the compatibility conditions for the x- and t-flows
determined by (1.2a,b).
For a subalgebra g ⊂ sl(r,C) with loop algebra g˜ we denote by g˜−0 ⊂ g˜ the
subalgebra of elements extending holomorphically outside S1, identified via < , > with
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g˜+∗. (No notational distinction will be made between elements of g˜ (resp. g˜−0 ) and
the corresponding element of g˜∗ (resp. g˜+∗).) The specific form for L giving rise to
equation (1.1) as compatibility conditions of (1.2a,b) is:
L(λ) = L0 + λ−1L1 + λ−2L2 + · · ·+ λ−n+1Ln−1 (1.4)
with
L0 =
√−1
a+ b
(
bIa 0
0 −aIb
)
(1.5a)
L1 =
(
0 q
p 0
)
(1.5b)
L2 =
√−1
(
qp −qx
px −pq
)
. (1.5c)
A general framework for studying the “finite-gap” quasi-periodic solutions of such
Lax pair AKS flows was developed in [AHP, AHH1, AHH2], using moment map
embeddings of finite dimensional symplectic vector spaces, reduced by certain Hamil-
tonian group actions, into the duals of loop algebras. The image space is a finite
dimensional Poisson submanifold of s˜l(r,C)∗ consisting of a union of coadjoint orbits
whose elements are rational in the loop parameter. The original space, which we refer
to as the “generalized Moser space” (cf. [AHP, M]), may be viewed as consisting of
pairs (F,G) of maximal rank (N × r) matrices (N > r) parametrizing rank-r perturba-
tions of a fixed diagonal N ×N matrix A, with eigenvalues {αi}i=1,...n of multiplicities
{ki}i=1,...,n and ki ≤ r,
∑n
i=1 ki = N . The general form for such a moment map is:
J˜ : MN×r ×MN×r −→ s˜l(r,C)+∗ (1.6)
(F,G) 7−→ N , (1.6a)
where
N (λ) = λGT(A− λI)F, (1.6b)
F and G are N × r matrices chosen so that tr(N ) = 0, and the space of pairs (F,G) is
given the symplectic structure
ω = tr(dFT ∧ dG). (1.7)
We denote by Mk, where k = (k1, k2, . . . kn), the space of pairs (F,G) of such N × r
matrices, subject to the generic requirement that the ki × r dimensional blocks Fi and
Gi corresponding to the eigenspaces of A with eigenvalue αi have maximal rank ki, and
endowed with the symplectic structure (1.7). Assuming A to be diagonal, we obtain
N in the form:
N (λ) =
n∑
i=1
λNi
αi − λ, (1.8)
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where
Ni = GTi Fi.
Taking the AKS Hamiltonians Φx, Φt ∈ F for the x and t flows as
Φx(X) =
1
2
tr(
a(λ)
λn−1
X(λ)2)0 (1.9a)
Φt(X) =
1
2
tr(
a(λ)
λn−2
X(λ)2)0 , (1.9b)
where the subscript 0 means taking the λ0 term in the Laurent expansion centered
at λ = 0 and a(λ) =
∏n
i=1(λ − αi) is the minimal polynomial of A, gives Hamilton’s
equations in the Lax pair form
d
dx
N (λ) = [( a(λ)
λn−1
X(λ))+,N (λ)] (1.10a)
d
dt
N (λ) = [( a(λ)
λn−2
X(λ))+,N (λ)]. (1.10b)
Defining
L := −a(λ)
λn
N (λ) (1.11)
gives the equations (1.2a,b), with L a polynomial in λ−1 of degree n−1. From equation
(1.11), we obtain the leading terms L0, L1 and L2 in terms of the matrices (Fi, Gi) as
L0 =
n∑
i=1
GTi Fi (1.12a)
L1 =
n∑
i=1
αi(G
T
i Fi −L0) (1.12b)
L2 = −
∑
j≥k
αjαkL0 +
n∑
i=1
αi(αiG
T
i Fi −L1). (1.12c)
The form (1.5a) for the leading term L0 determines an invariant manifold under
such AKS flows, since L0 is just the moment map generating the conjugation action
under Sl(r,C), and hence is conserved by the AKS flows. The other two conditions
(1.5b,c) determining the form of L1 and L2 are also invariant under the flows.
In the following section we shall first briefly recall how to obtain the special
structure (1.5a-c) for L and then show how the moment map (1.6) gives coordinates
parametrizing certain solutions of the nonlinear Schro¨dinger equations associated to
the Hermitian symmetric Lie algebra (sl(a+ b,C), sl(a,C)⊕ sl(b,C)⊕C∗) and its real
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forms (su(a + r, s), s(u(a)⊕ u(r, s))). A Darboux coordinate atlas is obtained for the
reduced space Mk
sl(a+b,C), obtained by requiring N (λ) to be traceless, as well as for
the real forms obtained by choosing fixed points under antilinear involutions.
Section 3 deals with hermitian symmetric pairs of the type (so(2l), u(r)), (so(2l+
2), so(2l)⊕ so(2)), (so(2l + 3), so(2l + 1)⊕ so(2)) and (sp(l), u(l)) as well as their cor-
responding noncompact and complex forms. Global Darboux coordinates are obtained
from the restriction that the moment map take its values in the total space of one of
the classical Lie algebras. The detailed computations for these are omitted, the results
being given in tabular form.
We emphasize that the purpose of this work is to give an intrinsic canonical
parametrization of the invariant finite dimensional sector of the phase space underlying
certain solutions of the matrix NLS equations;namely, those of “finite gap” type or
more generally, quasi-periodic flows lying on the stationary manifolds of higher AKS
invariants. The actual integration of these finite dimensional flows in terms of theta
functions, obtained from linear flows of divisors on the associated invariant spectral
curves, will be the subject of a subsequent work [W].
2. Darboux Coordinates for the (sl(a+ b,C), sl(a,C)⊕ sl(b,C)⊕C) and
(su(a+ l, s), s(u(a)⊕ u(l, s))) Matrix NLS Equations
In this section, we compute Darboux coordinates for matrix nonlinear Schro¨dinger
equations of the type (1.1) and the real forms
√−1ut = uxx + 2(uDu¯T)u, (2.1)
obtained by setting u = q = −Dq¯T where u ∈ Ca×b and D is a Hermitian matrix
which, up to a base change can be taken of the form
(
Il 0
0 −Is
)
, l + s = b.
First we derive the form for L0, L1 and L2 given in (1.5a-c). The co-adjoint action
of the subgroup of constant loops Sl(r,C) on s˜l(a+ b,C)+∗ ∼ s˜l(a+ b,C)−0 , a+ b = r,
given by
Adg(X)(λ) = g(X(λ))g
−1, (2.2)
with X(λ) =
∑0
i=−∞Xiλ
i, is generated by the moment map J(X) = X0. Since our
Hamiltonians (1.9a,b) (and all other Hamiltonians in F) are invariant under this action,
L0 is an invariant of the flows.
By a Hermitian symmetric Lie algebra (cf. [KN]), we understand a Lie algebra
g with subalgebra k and an involutive automorphism σ : g → g such that k is the +1
eigenspace and, denoting by m the −1 eigenspace, an element B ∈ k exists satisfying
i) k = ker(adB) (2.3a)
ii) (adB|m)2 = −idm. (2.3b)
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The element B has the the same properties (2.3a,b) in the complexification of g, k and
m. The k and m components of any element X ∈ g will henceforth be denoted Xk and
Xm respectively.
In particular, for g = sl(r,C) define the involutive automorphism
σ0 : sl(a+ b,C) 7−→ sl(a+ b,C)
X −→ Ia,bXIa,b (2.4)
with Ia,b =
(
Ia 0
0 −Ib
)
. This also determines an involutive automorphism σ˜0 on the
associated loop algebra g˜ through
(σ˜0(X))(λ) = σ0(X(λ)), X ∈ g˜. (2.5)
The decomposition of sl(a + b,C) into the +1 eigenspace k = sl(a,C) ⊕ sl(b,C) ⊕ C
consisting of the diagonal a×a and b× b blocks and the complementary −1 eigenspace
m can be interpreted as the complexification of the Hermitian symmetric Lie algebra
(su(a + b), s(u(a)⊕ u(b)), with properties (2.3a,b) in both cases satisfied by the same
element B. Using the induced involution (2.5) we also have a splitting of the loop
algebra s˜l(a+ b,C), with +1 eigenspace k˜ and −1 eigenspace m˜ and relations (2.3a,b)
also hold when k, m are replaced by k˜, m˜.
Returning to the general case, since L0 is an invariant of the flows, we may
choose it equal to B ∈ k, as mentioned above (k is considered here as representing the
constant loops in k˜). For any Hamiltonian φ ∈ F with flow parameter τ let dφ(L)− =
Aλ−1 +O(λ−2), with L given by (1.4). The AKS theorem implies
d
dτ
L1 = −[A,L0]. (2.6a)
It follows from (2.3a) that L1k is an invariant of the flows, which we set equal to zero
as an initial condition. In particular, from Hamilton’s equation (1.2a) we deduce
d
dx
L1 = [L0,L2] ∈ m (2.6b)
The equations of motion then also imply
L2m = d
dx
L1 (2.6c)
due to (2.3b) and (2.6b). Finally, an easy computation shows that the condition
L2k = 1
2
[[L0,L1],L1] (2.6d)
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is invariant under the flows of all the Hamiltonians in the ring of functions F , and
hence may be consistently imposed. For the particular case g = sl(r,C), we have
L0 = B given by equation (1.5a) and equations (2.6a-d) are equivalent to the special
form (1.5b,c) for L1, L2.
The moment map J˜ in (1.6) generally takes its values in g˜l(r,C)+∗. In order that
it be defined so as to take values in s˜l(a + b,C)+∗, we have to impose restrictions on
its domain in Mk. The corresponding submanifold of Mk
sl(r,C) ⊂Mk is defined by
Mksl(r,C) = {(F,G) ∈ Mk | tr(GTi Fi) = 0, i = 1, . . . , n}.
This is not a symplectic manifold; to obtain one, we have to quotient by the (C∗)n
group-action on Mk
sl(r,C) defined by (z(F,G))i = (ziFi, z
−1
i Gi), i = 1, . . . , n, where
z = (z1, . . . , zn) ∈ (C∗)n, whose orbits are the null foliation of the restriction of the
symplectic form ω toMk
sl(r,C). This amounts to a zero moment map reduction with re-
spect to the action of the central subgroup D of the loop group G˜l(r,C) corresponding
to multiples of the identity matrix. Let pi :Mk
sl(r,C) →Mksl(r,C)/(C∗)n be the associ-
ated projection. OnMk
sl(r,C)/(C
∗)n we have symplectic charts (ϕl˜c˜, pi(U l˜c˜)) defined as
follows:
ϕl˜c˜ : pi(U l˜c˜) −→ ϕl˜c˜(pi(U l˜c˜)) ⊂ CNr−n ×CNr−n
pi(F,G) 7−→ (Glicii F˜i, (Glicii )−1G˜i)i=1,...,n
(2.7)
where F˜i (G˜i) means just Fi (Gi) with the F
lici (Glici) component suppressed, consid-
ered as an element of Crki−1 and
U l˜c˜ = {pi(F,G) ∈Mk
s˜l(r,C)
/(C∗)n | Glicii 6= 0, F licii 6= 0}
l˜ = (l1, . . . , ln) c˜ = (c1, . . . , cn)
li ∈ {Ki + 1, . . . , Ki + ki} Ki :=
i−1∑
j=1
kj ci ∈ {1, . . . , r}
(2.8)
But pi(U l˜c˜) is diffeomorphic to the following symplectic submanifold of Mk:
pi(U l˜c˜) ∼= {(F,G) ∈Mk | Glicii = 1, F licii = −
∑
(δi,βi)6=(li,ci)
Gδiβii F
δiβi
i 6= 0, i = 1, . . . n}
(2.9)
which defines a section of the quotient projection pi :Mk
sl(r,C) →Mksl(r,C)/(C∗)n. The
symplectic form (1.7) restricted to this manifold becomes
ωpi(U l˜c˜) =
n∑
i=1
Ki+ki∑
δi=Ki+1
r∑
βi=1︸ ︷︷ ︸
(δi,βi)6=(li,ci)
dGδiβii ∧ dF δiβii . (2.10)
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The moment map J˜ then is defined on the submanifolds (2.9) as follows:
J˜sl(a+b,C)(pi(F,G)) = λ
n∑
i=1
GTi Fi
αi − λ = −
λn
a(λ)
n−1∑
i=0
λ−iLi (2.11)
where the map may be viewed as defined either on the quotient space Mk
sl(r,C)/(C
∗)n
or, equivalently, on the sections whose images are defined by the diffeomorphism (2.9).
Now, the condition (1.5a) imposed on L0 pulls back through the moment map to
the space Mk and gives us the following level sets on our charts pi(U l˜c˜) (2.9). Setting
Fi = (Xˆi, Xˇi) and Gi = (Yˆi, Yˇi) with Xˆi, Yˆi ∈ Cki×a and Xˇi, Yˇi ∈ Cki×b we obtain
from the diagonal blocks of the condition (1.5a)
n∑
i=1
Yˆ Ti Xˆi =
b
√−1
a+ b
Ia (2.12a)
n∑
i=1
Yˇ Ti Xˇi = −
a
√−1
a+ b
Ib , (2.12b)
and from its off-diagonal blocks
n∑
i=1
Yˆ Ti Xˇi = 0 (2.13a)
n∑
i=1
Yˇ Ti Xˆi = 0. (2.13b)
The vanishing of the diagonal blocks in condition (1.5b) implies
n∑
i=1
αi(Yˆ
T
i Xˆi −
b
√−1
a+ b
Ia) = 0 (2.14a)
n∑
i=1
αi(Yˇ
T
i Xˇi +
a
√−1
a+ b
Ib) = 0, (2.14b)
while the off-diagonal blocks give q and p in terms of the linear coordinates
(Xˇi, Xˆi, Yˇi, Yˆi) as
q =
n∑
i=1
αiYˆ
T
i Xˇi, p =
n∑
i=1
αiYˇ
T
i Xˆi. (2.15)
Finally, the diagonal blocks of conditions (1.5c) imply the constraints
n∑
i=1
α2i Yˆ
T
i Xˆi −
√−1(qp+
∑
j≥k
αjαk
b
a+ b
Ia) = 0 (2.16a)
n∑
i=1
α2i Yˇ
T
i Xˇi +
√−1(pq +
∑
j≥k
αjαk
a
a+ b
Ib) = 0. (2.16b)
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Now let us turn to the general real form (2.1) of the nonlinear Schro¨dinger equa-
tion. The equations of motion and the choice of L0, L1 and L2 are obtained in the
same way as for the complex case, with the understanding that we are now working in a
reduction to the Hermitian symmetric Lie algebra (g = su(a+l, s), k = s(u(a)⊕u(l, s))).
This space is obtained by requiring invariance of the image of the moment map under
the antilinear involutive automorphism
ρ˜ : s˜l(a+ l + s,C)→ s˜l(a+ l + s,C)
ρ˜(X) = −tXT(λ¯)t−1,
(2.17)
where t =
(
Ia+l 0
0 −Is
)
, as well as under the involution (2.5). Requiring that the moment
map J˜sl(a+b,C) take its values in the fixed point set s˜u(a+l, s)
∗ = {X ∈ s˜l(a+l+s,C)∗ |
ρ˜(X) = X} forces further restrictions on the space Mk
sl(r,C). The method used in
computing these restrictions will apply equally to the reductions considered in Section
3. (See also [AHP] for details on the general approach to reductions under involutive
automorphisms). To implement such a discrete reduction we must impose the following
condition, reducing the domain of J˜ within the space Mk
sl(r,C):
W˜su(a+l,s) = {pi(F,G) ∈Mksl(r,C)/(C∗)n | ρ˜(λ
n∑
i=1
GTi Fi
λ− αi ) = λ
n∑
i=1
GTi Fi
λ− αi ∀λ}.
(2.18)
This implies that the αi are either real or come in complex conjugate pairs. We may
reorder the αi such that α2i = α2i−1, i = 1, . . . , m and αj = αj , j = 2m + 1, . . . , n.
Thus (2.18) is equivalent to the constraints
GT2iF2i = −tF
T
2i−1G2i−1t
−1, i = 1, . . . , m (2.19a)
GTj Fj = −tF
T
j Gjt
−1, j = 2m+ 1, . . . , n (2.19b)
on the pairs (Fi, Gi). The reduced space Mksl(r,C)/(C∗)n splits into several connected
components satisfying these constraints, one of which is
Wsu(a+l,s) = {pi(F,G) ∈Mksl(r,C)/(C∗)n |G2i−1 = −F 2it, G2i = F 2i−1t, i = 1, . . . , m,
Gj =
√−1F jt, j = 2m+ 1, . . . , n }.
(2.20)
Let prF : C
Nr−n × CNr−n → CNr−n be the projection to the first factor.
The charts (ϕl˜c˜, pi(U l˜c˜)), defined on Mk
sl(r,C)/(C
∗)n give rise to charts (ϕl˜c˜su, U
l˜c˜
su) on
Wsu(a+l,s) defined by
U l˜c˜su = pi(U
l˜c˜) ∩Wsu(a+l,s)
ϕl˜c˜su = prF ◦ϕl˜c˜|U l˜c˜
su
(2.21)
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which, in coordinates, gives:
ϕl˜c˜su(pi(F,G)) = (G
l1,c1
1 F˜1, . . . , G
ln,cn
n F˜n) ∈ CNr−n. (2.22)
Restricting the symplectic form (2.10) to these charts we get the following symplectic
form on our new charts
ω
U l˜c˜
su
=
m∑
i=1

Ki+ki∑
βi=Ki+1
a+l∑
δi=1︸ ︷︷ ︸
(βi,δi)6=(li,ci)
(dF
βiδi
2i ∧ dF βiδi2i−1 + dF βiδi2i ∧ dF
βiδi
2i−1)
−
Ki+ki∑
βi=Ki+1
a+l+s∑
δi=a+l+1︸ ︷︷ ︸
(βi,δi)6=(li,ci)
(dF
βiδi
2i ∧ dF βiδi2i−1 + dF βiδi2i ∧ dF
βiδi
2i−1)

+
√−1
n∑
j=2m+1
Ki+ki∑
βi=Ki+1
a+l∑
δj=1︸ ︷︷ ︸
(βj ,δj)6=(lj ,cj)
dF
βjδj
j ∧ dF
βjδj
j
−√−1
n∑
j=2m+1
Ki+ki∑
βi=Ki+1
a+l+s∑
δj=a+l+1︸ ︷︷ ︸
(βj ,δj)6=(lj ,cj)
dF
βjδj
j ∧ dF
βjδj
j ).
(2.23)
Note that the terms with the minus sign are a consequence of the choice of the matrix
t in (2.17), (2.19a,b) and (2.20).
Expressing the restriction of the moment map J˜sl(a+b,C) toWsu(a+l,s) as J˜su(a+l,s)
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we have:
J˜su(a+l,s)(pi(F,G)) = λ
m∑
i=1
(
−Xˆ
T
2iXˆ2i−1 −Xˆ
T
2iXˇ2i−1
−D XˇT2iXˆ2i−1 −D Xˇ
T
2iXˇ2i−1
)
α2i−1 − λ
+ λ
m∑
i=1
(
Xˆ
T
2i−1Xˆ2i Xˆ
T
2i−1Xˇ2i
D Xˇ
T
2i−1Xˆ2i D Xˇ
T
2i−1Xˇ2i
)
α2i−1 − λ
+
√−1λ
n∑
j=2m+1
 XˆTj Xˆj XˆTj Xˇj
D Xˇ
T
j Xˆj D Xˇ
T
j Xˇj

αj − λ .
(2.24)
The restrictions (1.5a-c) on L0,L1 and L2 required to obtain the CNLS equation
may be expressed in terms of the reduced coordinates over the space Wsu(a+l,s). The
constraints implied by the choice (1.5a) of L0 or equivalently (2.12a,b), (2.13a,b) are
m∑
i=1
(−Xˆ
T
2iXˆ2i−1 + Xˆ
T
2i−1Xˆ2i) +
√−1
n∑
j=2m+1
Xˆ
T
j Xˆj =
b
√−1
a+ b
Ia
(2.25a)
m∑
i=1
(−XˇT2iXˇ2i−1 + Xˇ
T
2i−1Xˇ2i) +
√−1
n∑
j=2m+1
Xˇ
T
j Xˇj =
−a√−1
a+ b
D
(2.25b)
m∑
i=1
(−Xˆ
T
2iXˇ2i−1 + Xˆ
T
2i−1Xˇ2i) +
√−1
n∑
j=2m+1
Xˆ
T
j Xˇj = 0. (2.25c)
From the equations (2.15), together with the reality conditions (2.19a,b), we find u in
terms of the reduced coordinates (Xˆi, Xˇi):
u =
m∑
i=1
(α2i−1Xˆ
T
2i−1Xˇ2i − α2i−1Xˆ
T
2iXˇ2i−1) +
√−1
n∑
j=2m+1
αjXˆ
T
j Xˇj. (2.26)
From the constraints (2.14a,b), together with the reality conditions (2.19a,b) we have
m∑
i=1
(−α2i−1Xˆ
T
2iXˆ2i−1 + α2i−1Xˆ
T
2i−1Xˆ2i) +
√−1(
n∑
j=2m+1
Xˆ
T
j Xˆj −
n∑
i=1
αi
b
a+ b
Ia) = 0
(2.27a)
m∑
i=1
(−α2i−1Xˇ
T
2iXˇ2i−1 + α2i−1Xˇ
T
2i−1Xˇ2i) +
√−1(
n∑
j=2m+1
Xˇ
T
j Xˇj +
n∑
i=1
αi
a
a+ b
D) = 0,
(2.27b)
12 J. HARNAD AND M.-A. WISSE
while from the constraints (2.16a,b), we have
√−1
 n∑
j=2m+1
α2jXˆ
T
j Xˆj −
∑
j≥k
αjαk
b
a+ b
Ia + uDu¯
T
+ m∑
i=1
(− α22i−1Xˆ
T
2iXˆ2i−1
+ α22i−1Xˆ
T
2i−1Xˆ2i) = 0
(2.28a)
√−1
 n∑
j=2m+1
α2jXˇ
T
j Xˇj +
∑
j≥k
αjαk
a
a+ b
D − u¯Tu
+ m∑
i=1
(− α22i−1Xˇ
T
2iXˇ2i−1
+ α22i−1Xˇ
T
2i−1Xˇ2i) = 0.
(2.28b)
Thus, under the Hamiltonian flow induced by the collective Hamiltonians
J˜∗
su(a+l,s)Φx and J˜
∗
su(a+l,s)Φt on Wsu(a+l,s), with Φx,Φt given in equations (1.9a,b),
subject to the invariant constraints (2.25a-c), (2.28a,b), the resulting function u(x, t)
given in equation (2.26) satisfies the CNLS equation (2.1).
3. Symmetric Space Nonlinear Schro¨dinger Equations
The preceding section explained in detail how the Lax pair flows determined by
(1.10a,b) on s˜l(r,C)+∗ give the reduced Darboux coordinates and the invariant level sets
on the reduced space give rise to solutions of the coupled nonlinear Schro¨dinger (CNLS)
equation corresponding to the Hermitian symmetric Lie algebra (su(a+ l, s), s(u(a)⊕
u(l, s))) and its complexification (sl(a + b,C), sl(a,C) ⊕ sl(b,C) ⊕ C). In this sec-
tion we construct reduced coordinates for CNLS equations corresponding to the other
Hermitian symmetric Lie algebras considered by Fordy and Kulish [FK]. Referring
to the classification of symmetric spaces in [H], the Hermitian symmetric Lie alge-
bras (so(2l), u(l)) (DIII) and (sp(l), u(l)) (CI) as well as their corresponding noncom-
pact and complex forms can be obtained as fixed points of involutive automorphisms
on (su(2l), s(u(l) ⊕ u(l))) (AIII) and on its corresponding noncompact and complex
forms. On the other hand, the complex structure for the AIII-cases is contained in the
u(1)-subalgebra, which is not invariant under the involution leading to the Hermitian
symmetric Lie algebras associated with (so(2+k), so(2)⊕so(k)) (BDI). Therefore the
BDI-Hermitian symmetric Lie algebras cannot be realized as subcases of the AIII-
cases. Nevertheless, we can obtain them by reduction of the corresponding generic
systems in gl(r,C).
For all these cases the resulting Darboux coordinates are global and directly ob-
tained by a reduction of gl(r,C) to the classical complex Lie algebras bn, cn, dn and
DARBOUX COORDINATES AND CNLS EQUATIONS 13
to their corresponding real forms. We could have obtained the coordinates for the CI-
and DIII-cases by imposing further constraints on the coordinates associated with
the AIII-cases, but the reduction from gl(r,C) avoids the need for local charts. We
emphasize that only the constraints on the Moser space induced by reductions to the
classical Lie algebras are solved, and not the additional invariant constraints arising
from the splitting g = k⊕m of the Hermitian symmetric algebras underlying equations
(1.5a-c). The latter are simply imposed, as in the previous section, upon the initial
data, and continue to hold valid under the flows.
The following are the involutions to be applied to the AIII-Hermitian symmetric
Lie algebras in order to get the CI- and DIII-Hermitian symmetric Lie algebras.
σCI(X) =
(
0 I
−I 0
)
XT
(
0 I
−I 0
)
(3.1a)
σDIII (X) = −
(
0 I
I 0
)
XT
(
0 I
I 0
)
(3.1b)
The corresponding additional restrictions on the functions q, p and u defined by
equations (2.15) and (2.26) and the equations (1.1) and (2.1) are given in Table I. Note
that in all these equations, the matrices p, q and u are of dimension l×l. The restrictions
given in rows 2 and 3 should be interpreted as invariant quadratic constraints satisfied
by the matrices (Fi, Gi) on a suitably defined reduced manifold W . The general form
of the matrices L0, L1 and L2 entering in the Lax equations (1.2a,b) is still given by
equations (1.5a-c).
Table I
(sl(2l,C), gl(l,C)) (su(2l), s(u(l)⊕ u(l))) (su(l, l), s(u(l)⊕ u(l)))
Correspon-
ding CNLS
equation
√−1qt = qxx − 2qpq
−√−1pt = pxx − 2pqp
√−1ut = uxx + 2uu¯Tu
√−1ut = uxx − 2uu¯Tu
Involution:
σCI
sp(2l,C)
gl(l,C)
q = qT
p = pT
sp(l)
u(l) u = u
T
sp(l,R)
u(l) u = u
T
Involution:
σDIII
so(2l,C)
gl(l,C)
q = −qT
p = −pT
so(2l)
u(l)
u = −uT so
∗(2l)
u(l)
u = −uT
For the Hermitian symmetric Lie algebras corresponding to BDI, the Lie-algebras
so(2 + 2l,C) and so(2 + 2l + 1,C) are obtained as fixed point sets of the involutions
σDI(X) = −
(
0 Il+1
Il+1 0
)
XT
(
0 Il+1
Il+1 0
)
, X ∈ sl(2 + 2l,C) (3.2a)
σBI(X) = −
(
1 0 0
0 0 Il+1
0 Il+1 0
)
XT
(
1 0 0
0 0 Il+1
0 Il+1 0
)
, X ∈ sl(2 + 2l + 1,C)
(3.2b)
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(The separation into “BI” and “DI” is necessary due to our choice of a basis that
makes the relation between the Lax matrices in (1.5a-c) and the corresponding nonlinear
Schro¨dinger equations more transparent.) The involutive automorphisms determining
the Hermitian symmetric Lie algebra decomposition are
σ¯DI(X) =
(
I1,l 0
0 I1,l
)
X
(
I1,l 0
0 I1,l
)
, X ∈ so(2 + 2l,C) (3.3a)
σ¯BI (X) =
(
−1 0 0
0 I1.l 0
0 0 I1,l
)
X
(
−1 0 0
0 I1.l 0
0 0 I1,l
)
, X ∈ so(2 + 2l + 1,C).
(3.3b)
This gives the splitting so(2+2l,C) = k1⊕m1 and so(2+2l+1,C) = k2⊕m2 respectively,
where k1 := so(2,C)⊕so(2l,C) and k2 := so(2,C)⊕so(2l+1,C) are the +1 eigenspaces.
The corresponding elements L0, L1 and L2 given by equations (1.12a-c) will be denoted
Ls0, Ls1 and Ls2, s = 1, 2 respectively, for the two cases. In the two cases the complex
structures I1 := adL10|m1 , (resp. I2 : adL20|m2) underlying the Hermitian symmetric
Lie algebra is given by an element L10 (resp. L20) of the so(2)-subalgebra of the +1
eigenspace of the involutions (3.3a,b). Denoting by Ei,j the matrix with 1 in the ij
th
position and zero elsewhere, we set
L10 =
√−1E1,1 −
√−1El+1,l+1 ∈ so(2 + 2l,C) (3.4a)
L20 =
√−1E2,2 −
√−1El+2,l+2 ∈ so(2 + 2l + 1,C). (3.4b)
Using the same techniques as in the generic case we see that, with L10,L20 chosen
as above, the k1 (resp. k2) components of L11,L21 are invarants of the flows which we
choose equal to zero. This gives the general form:
L11 =

0 qT 0 q˜T
p 0 −q˜ 0
0 −p˜T 0 −pT
p˜ 0 −q 0
 ∈ so(2 + 2l,C) (3.5a)
L21 =

0 −p1 0 q1 0
−q1 0 qT 0 q˜T
0 p 0 −q˜ 0
p1 0 −p˜T 0 −pT
0 p˜ 0 −q 0

∈ so(2 + 2l + 1,C) (3.5b)
where q, q˜, p, p˜ ∈ Cl and q1, p1 ∈ C. Then L12,L22 are obtained by substituting (3.5a,b)
into equations (2.6c,d).
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From the compatibility conditions for equations (1.2a,b) with Ls0, Ls1 and Ls2, s =
1, 2 chosen as above, we get the coupled nonlinear Schro¨dinger equations
√−1qt = qxx − 2q(qTp+ q˜Tp˜) + 2qTq˜p˜√−1q˜t = q˜xx − 2q˜(qTp+ q˜Tp˜) + 2q˜Tqp
−√−1pt = pxx − 2p(qTp+ q˜Tp˜) + 2pTp˜q˜
−√−1p˜t = p˜xx − 2p˜(qTp+ q˜Tp˜) + 2p˜Tpq
(3.6a)
for the Hermitian symmetric Lie algebra (so(2 + 2l,C), so(2,C)⊕ so(2l,C)), and
√−1q1t = q1xx − 2q1(qTp+ q˜Tp˜+ q1p1) + p1(q1q1 + 2qTq˜)
−√−1p1t = p1xx − 2p1(qTp+ q˜Tp˜+ q1p1) + q1(p1p1 + 2pTp˜)√−1qt = qxx − 2q(qTp+ q˜Tp˜+ q1p1) + p˜(q1q1 + 2qTq˜)
−√−1pt = pxx − 2p(qTp+ q˜Tp˜+ q1p1) + q˜(p1p1 + 2pTp˜)√−1q˜t = q˜xx − 2q˜(qTp+ q˜Tp˜+ q1p1) + p(q1q1 + 2q˜Tq)
−√−1p˜t = p˜xx − 2p˜(qTp+ q˜Tp˜+ q1p1) + q(p1p1 + 2p˜Tp)
(3.6b)
for the Hermitian symmetric Lie algebra (so(2 + 2l + 1,C), so(2,C)⊕ so(2l + 1,C)).
The reduction to the compact real forms (so(2 + 2l), so(2)⊕ so(2l)) and (so(2 +
2l + 1), so(2)⊕ so(2l + 1)) is induced by the involutive automorphism
σ(X) = −XT (3.7)
for both cases. The resulting reality conditions for L11 and L12 which reduce equations
(3.6a) are
q = −p¯ q˜ = − ¯˜p. (3.8a)
The reality conditions for L21, L22 reducing equations (3.6b) are
q = −p¯ q˜ = − ¯˜p q1 = −p¯1. (3.8b)
The noncompact real forms (so(2, 2l), so(2) ⊕ so(2l)) and (so(2, 2l + 1), so(2) ⊕
so(2l + 1)) are obtained through the involutive automorphisms
ρDI(X) = −
(
I1,l 0
0 I1,l
)
X
T
(
I1.l 0
0 I1,l
)
, X ∈ so(2 + 2l,C) (3.9a)
ρBI(X) = −
(
−1 0 0
0 I1,l 0
0 0 I1.l
)
X
T
(
−1 0 0
0 I1,l 0
0 0 I1.l
)
, X ∈ so(2 + 2l + 1,C)
(3.9b)
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The resulting reduced form of L11, L12 and equations (3.6a) are given by
q = p¯ q˜ = ¯˜p. (3.10a)
The reality conditions giving the reduced form of L21, L22 and equations (3.6b) are
q = p¯ q˜ = ¯˜p q1 = ¯˜p
1
. (3.10b)
Tables II(a−c) give a list of reduced coordinates, corresponding symplectic forms
and Lax matrices N (λ) for all the Hermitian symmetric Lie algebras listed above. The
reductions are given relative to the generic case by expressing the pairs (F,G) ∈Mk of
N × r-complex matrices in terms of reduced coordinates, denoted (X, Y ) or (w,X, Y ),
where X and Y are reduced rectangular blocks and w ∈ CN , subject to the remaining
invariant constraints. The second column gives the restrictions and reality conditions
on the ki × r-blocks (Fi, Gi) as well as constraints on the eigenvalues of A required
in order that the moment map take its values in the subalgebras g˜+∗ ⊂ s˜l(r,C)+∗
corresponding to the various Hermitian symmetric Lie algebras (g, k). The independant
variables entering in the ki×r blocks (Fi, Gi) are denoted (Xi, Yi) or (wi, Xi, Yi) for the
various cases as defined in the table. The invariant constraints to which these reduced
coordinates are subject are obtained by substituting the expressions for (F,G) given
in the second column of Tables II(a − c) into equations (1.12a-c) and imposing the
conditions (1.5a-c) for the cases in Table I and (3.4a,b), together with the vanishing
terms in (3.5a,b) and the conditons (2.6d) imposed on Ls2k for the remaining cases
BI and DI. The third column gives the corresponding symplectic forms in terms of
the reduced coordinates. The fourth column expresses the matrices q, q˜, q1, p, p˜, p1 or
u, u1, v satisfying the matrix CNLS equations in terms of these reduced coordinates.
The last column expresses, in terms of the reduced coordinates, the image N (λ) of
the moment map whose isospectral flows, determined by equations (1.2a,b), imply that
q, q˜, q1, p, p˜, p1, u, u1, v satisfy the CNLS equations, given either in the first row of Table
I or in equations (3.6a) or (3.6b).
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Table IIa
DARBOUX COORDINATES AND CNLS EQUATIONS
Darboux Coordinates for CNLS Equations (CI and DIII)
Algebra
+1 eigenspace
Reduced coords.
& reality conds. Symplectic form p, q; u(X, Y ) Moment map N (λ) residues1,2
sp(r,C)
gl(r,C)
F = (X, Y )
G = (−Y,X)
Fi = (Xi, Yi)
Gi = (−Yi, Xi)
X, Y ∈ CN×r
Xi, Yi ∈ Cki×r
2 tr(dY ∧ dXT)
q = −
n∑
i=1
αiY
T
i Yi
p =
n∑
i=1
αiX
T
i Xi
Ni =
(
−Y Ti Xi −Y Ti Yi
XTi Xi X
T
i Yi
)
sp(r)
u(r)
α2i−1= α2i
X2i−1= −Y 2i
Y2i−1= X2i
i = 1, . . . , m = n/2
2
m∑
i=1
tr(dY2i ∧ dXT2i + dY 2i ∧ dX
T
2i) u = −
m∑
i=1
(α2iX
T
2iX2i + α2iY
T
2i Y2i)
N (1)i =
(
−Y T2iX2i −Y T2iY2i
XT2iX2i X
T
2iY2i
)
N (2)i =
(
X
T
2iY 2i −X
T
2iX2i
Y
T
2iY 2i −Y
T
2iX2i
)
sp(r,R)
u(r)
αj = αj
Xj = −
√−1µjY j
µj = Ipj ,qj
pj = kj − qj
j = 1, . . . , n; m = 0
−2√−1
n∑
j=1
tr(dYj ∧ dY Tj µj) u = −
n∑
j=1
αjY
T
j Yj Nj =
(√−1 Y Tj µjY j −Y Tj Yj
−Y Tj Y j −
√−1 Y Tj µjYj
)
so(2r,C)
gl(r,C)
Gi = (Xi, Yi)
Fi = γκi(Yi, Xi)
Xi, Yi ∈ C2κi×r
i = 1, . . . , n
2
n∑
i=1
tr(γκi(dXi ∧ dY Ti ))
q =
n∑
i=1
αiX
T
i γκiXi
p =
n∑
i=1
αiY
T
i γκiYi
Ni =
(
XTi γκiYi X
T
i γκiXi
Y Ti γκiYi Y
T
i γκiXi
)
so(2r)
u(r)
α2i−1 = α2i
Y2i−1 = −γκ2iX2i
X2i−1 = −γκ2iY 2i
i = 1, . . . , m
αj = αj
Yj = −
√−1γκjρjXj
j = 2m+ 1, . . . , n
2
m∑
i=1
tr(γκ2i(dX2i ∧ dY T2i + dX2i ∧ dY
T
2i))
+2
√−1
n∑
j=2m+1
tr(ρjdXj ∧ dXTj )
u =
m∑
i=1
(α2iX
T
2iγκ2iX2i + α2iY
T
2iγκ2iY 2i)
+
n∑
j=2m+1
αjX
T
j γκjXj
N (1)i =
(
XT2iγκ2iY2i X
T
2iγκ2iX2i
Y T2i γκ2iY2i Y
T
2i γκ2iX2i
)
N (2)i =
(
Y
T
2iγκ2iX2i Y
T
2iγκ2iY 2i
X
T
2iγκ2iX2i X
T
2iγκ2iY 2i
)
Nj =
(√−1XTj ρjXj XTj γκjXj
X
T
j γκjXj −
√−1XTj ρjXj
)
so∗(2r)
u(r)
αj = αj
Yj = −
√−1γκjρjXj
j = 1, . . . , n; m = 0
2
√−1
n∑
j=1
tr(dXj ∧ dXTj ) u =
n∑
j=1
αjX
T
j γκjXj Nj =
( √−1XTj Xj XTj γκjXj
−XTj γκjXj −
√−1XTj Xj
)
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Table IIb
DARBOUX COORDINATES AND CNLS EQUATIONS
Darbux Coordinates for CNLS Equations (DI)
Algebra
+1 eigenspace
Reduced coords.
& reality conds. Symplectic form q, q˜, p, p˜; u, v(X, Y ) Moment map N (λ) residues1,2
so(2 + 2l,C)
so(2,C)⊕ so(2l,C)
Gi = (Xi, Yi)
Fi = γκi(Yi, Xi)
Xi, Yi ∈ C2κi×r
i = 1, . . . , n
2
n∑
i=1
tr(γκi(dXi ∧ dY Ti ))
q = −
n∑
i=1
αi(Ŷ i)
TγκiX
1
i
q˜ = −
n∑
i=1
αi(X̂i)
TγκiX
1
i
p =
n∑
i=1
αi(X̂i)
TγκiY
1
i
p˜ =
n∑
i=1
αi(Ŷ i)
TγκiY
1
i
Ni =
(
XTi γκiYi X
T
i γκiXi
Y Ti γκiYi Y
T
i γκiXi
)
so(2 + 2l)
so(2)⊕ so(2l)
α2i−1 = α2i
Y2i−1 = −γκ2iX2i
X2i−1 = −γκ2iY 2i
i = 1, . . . , m
αj = αj
Yj = −
√−1γκjρjXj
j = 2m+ 1, . . . , n
2
m∑
i=1
tr(γκ2i(dX2i ∧ dY T2i
+dX2i ∧ dY T2i))
+2
√−1
n∑
j=2m+1
tr(ρjdXj ∧ dXTj )
u = −
m∑
i=1
(α2iŶ
T
2iγκ2iX
1
2i
+α2iX̂
T
2iγκ2iY
1
2i)
+
√−1
n∑
j=2m+1
αjX̂
T
j ρjX
1
j
v = −
m∑
i=1
(α2iX̂
T
2iγκ2iX
1
2i
+α2iŶ
T
2iγκ2iY
1
2i)
+
n∑
j=2m+1
αjX̂
T
j γκjX
1
j
N (1)i =
(
XT2iγκ2iY2i X
T
2iγκ2iX2i
Y T2i γκ2iY2i Y
T
2i γκ2iX2i
)
N (2)i =
(
Y
T
2iγκ2iX2i Y
T
2iγκ2iY 2i
X
T
2iγκ2iX2i X
T
2iγκ2iY 2i
)
Nj =
(√−1XTj ρjXj XTj γκjXj
X
T
j γκjXj −
√−1XTj ρjXj
)
so(2, 2l)
so(2)⊕ so(2l)
α2i−1 = α2i
Y2i−1 = −γκ2iX2iI1,l
X2i−1 = −γκ2iY 2iI1,l
i = 1, . . . , m
αj = αj
Yj = −
√−1 γκjρjXjI1,l
j = 2m+ 1, . . . , n
2
m∑
i=1
tr(γκ2i(X2i ∧ dY T2i
+dX2i ∧ dY T2i))
−2√−1
n∑
j=2m+1
tr(dXj ∧ d(I1,lXTj )ρj)
u =
m∑
i=1
(α2iX̂
T
2iγκ2iY
1
2i
−α2iŶ
T
2iγκ2iX
1
2i)
−√−1
n∑
j=2m+1
αjX̂
T
j ρjX
1
j
v =
m∑
i=1
(α2iŶ
T
2iγκ2iY
1
2i
−α2iX̂
T
2iγκ2iX
1
2i)
−
n∑
j=2m+1
αjX̂
T
j ρjX
1
j
N (1)i =(
XT2iγκ2iY2i X
T
2iγκ2iX2i
Y T2i γκ2iY2i Y
T
2i γκ2iX2i
)
N (2)i =(
I1,lY
T
2iγκ2iX2iI1,l I1,lY
T
2iγκ2iY 2iI1,l
I1,lX
T
2iγκ2iX2iI1,l I1,lX
T
2iγκ2iY 2iI1,l
)
Nj =( √−1XTj ρjXjI1,l XTj γκjXj
−I1,lXTj γκjXjI1,l −
√−1I1,lXTj ρjXj
)
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Table IIc
DARBOUX COORDINATES AND CNLS EQUATIONS
Darboux Coordinates for CNLS Equations (BI)
Algebra
+1 eigenspace
Reduced coord.
& reality cond. Symplectic form q, q˜, p, p˜, q
1, p1; u, v, u1(X, Y ) Moment map N (λ) residues1,2
so(2+(2l+1),C)
so(2,C)⊕so(2l+1,C)
Gi = (wi, Xi, Yi)
Fi = γκi(wi, Yi, Xi)
wi ∈ C2κi
Xi, Yi ∈ C2κi×(l+1)
i = 1, . . . , n
n∑
i=1
tr(γκi(2 dXi ∧ dY Ti + dwi ∧ dwTi ))
q = −
n∑
i=1
αiŶ
T
i γκiX
1
i
q˜ = −
n∑
i=1
αiX̂
T
i γκiX
1
i
p =
n∑
i=1
αiX̂
T
i γκiY
1
i
p˜ =
n∑
i=1
αiŶ
T
i γκiY
1
i
q1 =
n∑
i=1
αiw
T
i γκiX
1
i
p1 = −
n∑
i=1
αiw
T
i γκiY
1
i
Ni =
(
0 wTi γκiYi w
T
i γκiXi
XTi γκiwi X
T
i γκiYi X
T
i γκiXi
Y Ti γκiwi Y
T
i γκiYi Y
T
i γκiXi
)
so(2+(2l+1))
so(2)⊕so(2l+1)
α2i−1 = α2i
Y2i−1 = −γκ2iX2i
X2i−1 = −γκ2iY 2i
w2i−1 = −γκ2iw2i
i = 1, . . . , m
αj = αj
Yj = −
√−1γκjρjXj
wj = −
√−1γκjρjwj
j = 2m+ 1, . . . , n
m∑
i=1
tr(γκ2i(2 dX2i ∧ dY T2i + dw2i ∧ dwT2i
+2 dX2i ∧ dY T2i + dw2i ∧ dwT2i))
+
√−1
n∑
j=2m+1
tr(2 dXj ∧ dXTj ρj
+dw¯j ∧ dwTj )
u = −
m∑
i=1
(α2iŶ
T
2iγκ2iX
1
2i
+α2iX̂
T
2iγκ2iY
1
2i)
+
√−1
n∑
j=2m+1
αjX̂
T
j ρjX
1
j
v = −
m∑
i=1
(α2iX̂
T
2iγκ2iX
1
2i
+α2iŶ
T
2iγκ2iY
1
2i)
+
n∑
j=2m+1
αjX̂
T
j ρjX
1
j
u1=
m∑
i=1
(α2iw
T
2iγκ2iY
1
2i
+α2iw
T
2iγκ2iX
1
2i)
+
n∑
j=2m+1
αjw
T
j γκjX
1
j
N (1)i =(
0 wT2iγκ2iY2i w
T
2iγκ2iX2i
XT2iγκ2iw2i X
T
2iγκ2iY2i X
T
2iγκ2iX2i
Y T2i γκ2iw2i Y
T
2i γκ2iY2i Y
T
2i γκ2iX2i
)
N (2)i =(
0 wT2iγκ2iX2i w
T
2iγκ2iY 2i
Y
T
2iγκ2iw2i Y
T
2iγκ2iX2i Y
T
2iγκ2iY 2i
X
T
2iγκ2iw2i X
T
2iγκ2iX2i X
T
2iγκ2iY 2i
)
Nj =(
0
√−1wTj ρjXj wTj γκjXj
XTj γκjwj
√−1XTj ρjXj XTj γκjXj
−√−1XTj ρjwj X
T
j γκjXj −
√−1XjρjXj
)
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Table IIc (cont’d)
Darboux Coordinates for CNLS Equations (BI)
Algebra
+1 eigenspace
Reduced coord.
& reality cond. Symplectic form u, v, u
1(X, Y ) Moment map N (λ) residues2
so(2,2l+1)
so(2)⊕so(2l+1)
α2i−1 = α2i
Y2i−1 = −γκ2iX2iI1,l
X2i−1 = −γκ2iY 2iI1,l
w2i−1 = γκ2iw2i
i = 1, . . . , m
Yj = −
√−1γκjρjXjI1,l
wj =
√−1γκjρjwj
j = 2m+ 1, . . . , n
m∑
i=1
tr(γκ2i(2 dX2i ∧ dY T2i + dw2i ∧ dwT2i
+2 dX2i ∧ dY T2i + dw2i ∧ dwT2i))
+
√−1
n∑
j=2m+1
tr(2 d(XjI1,l) ∧ dXTj ρj
+dw¯j ∧ dwTj )
u =
m∑
i=1
(α2iŶ
T
2iγκ2iX
1
2i
+α2iX̂
T
2iγκ2iY
1
2i)
−√−1
n∑
j=2m+1
αjX̂
T
j ρjX
1
j
v =
m∑
i=1
(α2iŶ
T
2iγκ2iY
1
2i
−α2iX̂
T
2iγκ2iX
1
2i)
+
n∑
j=2m+1
αjX̂
T
j ρjX
1
j
u1=
m∑
i=1
(α2iw2iγκ2iY
1
2i
+α2iw
T
2iγκ2iX
1
2i)
+
n∑
j=2m+1
αjw
T
j γκjX
1
j
N (1)i =(
0 wT2iγκ2iY2i w
T
2iγκ2iX2i
XT2iγκ2iw2i X
T
2iγκ2iY2i X
T
2iγκ2iX2i
Y T2i γκ2iw2i Y
T
2i γκ2iY2i Y
T
2i γκ2iX2i
)
N (2)i =(
0 wT2iγκ2iX2iI1,l w
T
2iγκ2iY 2iI1,l
−I1,lY T2iγκ2iw2i I1,lY
T
2iγκ2iX2iI1,l I1,lY
T
2iγκ2iY 2iI1,l
−I1,lXT2iγκ2iw2i I1,lX
T
2iγκ2iX2iI1,l I1,lX
T
2iγκ2iY 2iI1,l
)
Nj =(
0 wTj γκjXjI1,l w
T
j γκjXj
XTj γκjwj
√−1XTj ρjXjI1,l XTj γκjXj
I1,lX
T
j γκjwj −I1,lX
T
j γκjXjI1,l −
√−1I1,lXTj ρjXj
)
Notation:
(1) For the complex Hermitian symmetric Lie algebras: N (λ) =
n∑
i=1
λNi
αi − λ .
(2) For their real forms: N (λ) =
m∑
i=1
(
λN (1)i
α2i − λ +
λN (2)i
α2i − λ
)
+
n∑
j=2m+1
λNj
αj − λ .
(3) By X1i (resp.Y
1
i ) we denote the first column of Xi (resp. Yi), and by X̂i (resp. Ŷ i) the matrix Xi (resp. Yi) without its first column.
(4) 2κi = ki, i = 1, . . . , n
(5) γκ =
(
0 Iκ
−Iκ 0
)
(6) Ik,l =
(
Ik 0
0 −Il
)
(7) ρj = Iκj ,κj
